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The physics of classical particles in a Lorentz-breaking spacetime has numer-
ous features resembling the properties of Finsler geometry. In particular, the
Lagrange function plays a role similar to that of a Finsler structure function. A
summary is presented of recent results, including new calculable Finsler struc-
tures based on Lagrange functions appearing in the Lorentz-violation frame-
work known as the Standard-Model Extension.
In conventional classical physics, a particle follows a trajectory that min-
imizes the spacetime interval
∫ √−dxµrµνdxν . In this expression, rµν is
a locally Minkowski metric with signature (−,+,+,+) and the first coor-
dinate is time. For particles with mass, the parameter λ of the trajectory
xµ(λ) may be the proper time of the particle, and in this case the path sat-
isfies the geodesic equation u˙µ = −γ˜µαβuαuβ, where uα = x˙α = dxα/dλ are
the four-velocity components and γ˜µαβ are the Christoffel symbols derived
from rµν . In this variational problem, the total interval along the particle
path, also called the action S, can be expressed as S =
∫
L(x, u)dλ, with
suppressed summation indices in the Lagrange function L(x, u) =
√−uru.
Several properties of this system are noteworthy. (a) The Lagrange func-
tion L(x, u) is real and nonnegative if we restrict attention to timelike
curves. (b) Since the path depends only on the initial conditions and the
manifold, the action variation δS must be independent of λ. This is true for
the L(x, u) here, and can be ensured in general by requiring L to be pos-
itively homogeneous of degree one in the velocity u: L(x, ku) = kL(x, u),
for all k > 0. (c) We can recover the metric from the Lagrange function by
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2evaluating the hessian gµν := − 12∂2L2/∂uµ∂uν . (d) At any point x in the
manifold, there is no preferred orientation or velocity because the metric
is locally Minkowski. This is the property of Lorentz symmetry, and im-
plies that experiments at point x obtain identical results regardless of their
orientation or state of uniform motion.
Lorentz violation occurs if there exist physically detectable unconven-
tional fields, such as a one-form field aµ(x). The geodesics would be af-
fected if it appeared in the Lagrange function, for example, La(x, u) =√−uru + aν(x)uν . Note that property (a) is ensured if the background is
small, and that the homogeneity property (b) holds. In the case of property
(c), the hessian gµν(x, u) now depends on both position and velocity, and
only yields the underlying spacetime metric rµν(x) in the limit aµ → 0.
This spacetime breaks Lorentz symmetry, invalidating property (d), since
the background field aµ can be detected by appropriate comparisons be-
tween rotated or boosted experiments. Other Lagrange functions with un-
conventional backgrounds allow other ways to break Lorentz symmetry.
The properties (a), (b), (c) resemble the requirements for a Finsler ge-
ometry,1 where the trajectories x(λ) in a manifold M have tangent vectors
y in the tangent bundle TM , and the geometric information is contained
in a Finsler structure F (x, y). This function, with appropriate continuity
properties, is nonnegative (like property (a)), positively homogeneous (like
(b)), and has a locally euclidean hessian (unlike property (c)). An important
example of Finsler geometry is the Randers space,2 with structure Fa(x, y)
having the same form as La, and Riemann metric r.
Studies of Lorentz violation have mushroomed in the last 20 years.
The general effective-field-theory framework is called the Standard-Model
Extension (SME),3 and numerous experimental limits on coefficients for
Lorentz violation exist.4 To study the classical trajectories of Lorentz-
breaking matter, the dispersion relations arising from the relevant modi-
fied Dirac equation5 can be used to deduce the Lagrange function.6 To see
how this works, first note that the homogeneity condition (b) can be ex-
pressed as L = uµ∂L/∂uµ = −uµpµ, by Euler’s theorem and the definition
of the canonical momentum. The Lagrange function follows by expressing
the canonical momenta pµ in terms of the four velocity u
µ. The method
involves matching the wave-packet velocity with that of the classical par-
ticle and can be challenging because the Lagrange functions are roots of a
polynomial that may be of high order.
Following this procedure, and related ones,7 several classical Lagrange
functions have recently been obtained, including La as discussed above.
Since La(x, u) is related to the Randers structure Fa(x, y) by a signature
3change in rµν , the question arises whether other classical Lagrange functions
also give rise to Finsler structures. This is indeed the case, and several
concrete, calculable Finsler geometries have been identified,8 including
Fb(x, y) =
√
y2 ±
√
b2y2 − (b · y)2 , (1)
where r is a Riemann metric and summations have been suppressed.
This structure Fb is based on a one-form, but is distinct from the Ran-
ders Finsler structure. Another example of a calculable Finsler structure
arising from Lorentz-breaking backgrounds arises from the antisymmetric
SME background Hµν . In four-dimensional spacetime, it has two invariants
X = Hµνr
µαrνβHαβ/4 and Y = ǫ
µναβHµνHαβ/8. The Lagrange function
for spacetime with Y = 0 leads to a Finsler structure FH =
√
y2±
√
−yH2y
on a Riemann base manifold of any dimension. The antisymmetry of H ,
and the assumption of only one invariant, implies H2 has even rank with
one distinct negative eigenvalue, and satisfies the idempotent property
H4 = −η2H2. Randers space Fa, ‘b-space’ Fb, and ‘H-space’ are special
cases of bipartite Finsler structures,9 which have the form
Fs(x, y) :=
√
yry ±√ysy , (2)
with an underlying Riemann metric r and a symmetric two-tensor s(x) with
idempotent property s2 = ςs for o < ς < 1. For example, Fb is recovered for
the case of sµν = b
2rµν − bµbν . This bipartite structure has been shown to
yield Finsler geometries with simple expressions for the hessian, its inverse,
the geodesic equation, and other geometric quantities.9
A complementarity between Fa and Fb, and between cases of Fs, can
be demonstrated by considering s as a mapping of each tangent space
into itself. Since the image and kernel of the map are orthogonal, any
tangent vector can be uniquely decomposed into perpendicular compo-
nents, y = y‖ + y⊥, forming a pythagorean triangle. Noting that the hy-
potenuse has the largest norm, two nonnegative complementary Finsler
structures F = ||y|| ± ς ||y‖|| and F⊥ = ||y|| ± ς ||y⊥|| follow. If the rank
of s(x) is one, the two structures are Fa and Fb.
8 It is surprising that
Fb, with this simple geometrical relationship to the Randers structure, has
remained unknown for 70 years. The structure complementary to FH is
F⊥H =
√
y2 ±
√
ηy2 + yH2y, and this includes all cases of s(x) with even
rank. Complementary Finsler structures appear for s of odd rank, and their
relationship with other SME background fields is an open question.
There are numerous other open questions pertaining to the Finsler struc-
tures linked with Lorentz violation. The geodesics in bipartite Finsler spaces
have the schematic form u˙µ + γ˜µαβu
αuβ = {D˜ SME terms}µ, where D˜ is
4the r-covariant derivative. The geodesics are therefore conventional if the
Lorentz-breaking fields are r parallel, and this raises the unanswered ques-
tion whether r parallel SME backgrounds can be removed by suitable re-
definitions. It is known that if the one-form background in Randers space
is r-parallel, then the Berwald curvature vanishes,8 but similar theorems
for r-parallel SME-related structures do not exist. Shen has shown that
Randers geodesics correspond to solutions of the Zermelo navigation prob-
lem.10 Similar physical interpretations of the geodesics for Fb, and other
bipartite Finsler spaces, are not known. Another open question is how to
define torsions similar to the Matumoto torsion for Randers space, that
characterize Fb space, bipartite Finsler spaces, and other spaces related
to Lorentz-violating background fields. The first derivative of the Finsler
structure F (x, y) is singular at points in the tangent spaces that lie in the
kernel of s. To overcome this and similar singularity issues, it is custom-
ary to exclude slits from the tangent bundle. An open question is finding
alternative ways to avoid singularity issues by introducing, for example, a
spin-like variable.8 Indeed, Finsler and pseudo-Finsler geometries are active
research areas with numerous approaches to open questions.11 Structures
related to the SME backgrounds with a locally Minkowski metric are of par-
ticular interest for the study of Lorentz violation in classical systems and
may lead to new insights about unifying gravity and quantum mechanics.
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